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Abstract.We study the imprints of an effective dark energy fluid in the large scale structure
of the universe through the observed angular power spectrum of galaxies in the relativistic
regime. We adopt the phenomenological approach that introduces two parameters {Q, η} at
the level of linear perturbations and allow to take into account the modified clustering (or
effective gravitational constant) and anisotropic stress appearing in models beyond ΛCDM.
We characterize the effective dark energy fluid by an equation of state parameter w = −0.95
and various sound speed cases in the range 10−6 ≤ c2s ≤ 1, thus covering K-essence and
quintessence cosmologies. We calculate the angular power spectra of standard and relativistic
effects for these scenarios under the {Q, η} parametrization, and we compare these relative to
a fiducial ΛCDM cosmology. We find that, overall, deviations relative to ΛCDM are stronger
at low redshift since the behavior of the dark energy fluid can mimic the cosmological constant
during matter domination era but departs during dark energy domination. In particular, at
z = 0.1 the matter density fluctuations are suppressed by up to ∼ 3% for the quintessence-like
case, while redshift-space distortions and Doppler effect can be enhanced by ∼ 15% at large
scales for the lowest sound speed scenario. On the other hand, at z = 2 we find deviations of
up to ∼ 5% in gravitational lensing, whereas the Integrated Sachs-Wolfe effect can deviate up
to ∼ 17%. Furthermore, when considering an imperfect dark energy fluid scenario, we find
that all effects are insensitive to the presence of anistropic stress at low redshift, and only the
Integrated Sachs-Wolfe effect can detect this feature at z = 2 and very large scales.
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1 Introduction
During the last decades, large galaxy surveys have revealed that matter is coherently dis-
tributed in the universe up to very large scales in the form of a complex network known as the
cosmic web [1]. This large scale structure consist mainly of dark matter halos, where galaxy
clusters reside, long filaments connecting and feeding these regions, sheets (planar regions)
and galactic voids. At the cosmological level, the structure formation is driven by the dy-
namical instability of self-gravitating dark matter, a process seeded by tiny initial primordial
fluctuations. Then, the large scale structure of the universe encodes a wealth of information
about its initial conditions, the fundamental properties of gravity and the matter-energy con-
tent. Several surveys have been planning to measure the distribution of galaxies (Euclid [2],
LSST [3], DESI [4]) at high redshifts with unprecedented precision, and then a careful theo-
retical modelling is required to properly interpret the upcoming data.
A key realization for understanding the data collected in galaxy surveys is that for
measuring the distribution of galaxies in the universe we do not observe their real positions,
but we rather infer them from the incoming photons that have been redshifted through the
line of sight. The general procedure is to pixelize the observed distribution of galaxies in bins
of redshift and solid angle and then to count the fluctuations in the number of galaxies across
the sky. There are two main effects that influence the counting in numbers: 1) the difference
between the volume elements constructed using the observed redshift and observed angles
with respect to the real physical volume that the galaxies actually occupy; 2) the observed
flux and redshift of these galaxies could differ from their intrinsic properties because photons
are perturbed when traveling from source to observer. Then, it is clear that the observed
galaxy number density contains additional contributions arising from the distortion in the
observable quantities, in contrast to the standard description where galaxies simply trace the
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underlying matter distribution (up to a bias factor), and this can be naturally resolved if we
construct theoretical predictions in terms of observable quantities.
Historically, the fact that observations are not directly made in position space but rather
in redshift space was first realized by Kaiser [5] who introduced the concept of redshift-space
distortion (RSD), with which the symmetry between the clustering of matter in real and
redshift spaces is broken due to the peculiar motions of the sources. Then, the observed galaxy
distribution is not only sensitive to the underlying dark matter but also to their peculiar
velocities, which also introduces a Doppler effect component in the observed clustering of
galaxies [6]. Later it was also shown that gravitational lensing also affects the observed matter
distribution via the magnification bias [7, 8] since in practice galaxy surveys are limited in
magnitude.
The previous observables are usually referred to as standard effects because they appear
intrinsically in the observed clustering of matter. However, during the last decade various
works have developed a general description of the large scale structure of the universe [9–12]
which leads to naturally include a set of relativistic effects that account for the impact of
General Relativity (GR) onto the photon propagation. These effects comprise gravitational
redshift, the Sachs-Wolfe effect, Shapiro time-delay and the Integrated Sachs-Wolfe (ISW)
effect, and share the common feature of being suppressed at sub-horizon scales with respect
to the standard contributions. Nevertheless they allow to consistently interpret different
observables such as the power spectra of galaxies, the Cosmic Microwave Background and
gravitational waves signals [13]. This can become particularly relevant at large scales since
galaxy clustering in GR can become substantially different from its Newtonian approximation
[14, 15]. On the other hand, since in alternative cosmological models the metric potentials
and peculiar velocities respond different to the same underlying matter distribution compared
to ΛCDM, the relativistic effects provide an interesting tool to study modified gravity and
dark energy (DE) models.
In this work we investigate the imprints of effective DE fluids in the large scale structure
through the observed angular power spectrum of matter including standard and relativistic
effects. In particular, we consider DE and modified gravity models which can be described
by a convenient phenomenological parametrization [16–18]. Adopting such framework we
calculate the observed matter angular power spectrum for a wide class of models, which are
effectively described by two new parameters which enter directly at the level of the Einstein
Equations. As particular realizations, in this paper we consider K-essence and quintessence
fluids, the former is not completely homogeneous in space but may have non-vanishing DE
perturbations, namely it behaves as a fluid that might cluster at scales above a certain sound
horizon which is set by a sound speed parameter.
The rest of the paper is organized as follows: in Section 2 we fix our notation while
introducing the main equations for the background cosmological model and the perturbation
equations for general fluids. In Section 2.1 we introduce the {Q, η} parametrization, and the
particular DE fluid model investigated in this work is presented in Section 2.2. In Section 3
we discuss the observed matter density contrast identifying standard and relativistic effects
and we calculate its angular power spectrum when DE perturbations are taken into account,
whose expressions are included in Appendix A and are valid for any model belonging to the
{Q, η} parametrization. We discuss the results for the K-essence and quintessence-like fluids
in Section 4 modeled as perfect effective fluids, while the imprints of viscosity components in
standard and relativistic effects are discussed in Section 4.2.
– 2 –
2 Background and perturbation equations
We consider a spatially flat Friedmann-Lemaître-Robertson-Walker (FRLW) background uni-
verse with the presence of matter and a DE component. Then, the first Friedmann equation
is
H2 = H20
[
Ωma
−3 + (1− Ωm)a−3(1+w)
]
, (2.1)
where a is the scale factor, H ≡ a−1da/dt is the Hubble parameter (t represents cosmic time)
and Ωm ≡ 8piGNρm,0/3H20 is the matter density fraction at the present time. In Eq. (2.1),
w ≡ p/ρ corresponds to the equation of state (EoS) parameter for the DE component and
controls the expansion history of the universe. From Eq. (2.1) the comoving distance to an
object at redshift z is calculated as
r(z) =
∫ z
0
dz′
H(z′)
. (2.2)
We also consider spatially flat cosmologies at the perturbed level. In the conformal Newtonian
(or longitudinal) gauge the metric is [19]
ds2 = a2(τ)[−(1 + 2Ψ)dτ2 + (1− 2Φ)δijdxidxj ] , (2.3)
where Ψ and Φ are the gauge-invariant scalar perturbations [20] (Bardeen potentials), xi
are comoving coordinates and τ is the conformal time (and we will use overdots to denote
derivative with respect to it). The equations for the matter sector follow from the conservation
of the energy-momentum tensor ∇µTµν = 0, which at linear order result into the continuity
and Euler equations [19]
δ˙ = −(1 + w)(θ − Φ˙)− 3 a˙
a
(
δp
δρ
− w
)
δ , (2.4)
θ˙ = − a˙
a
(1− 3w)θ − w˙
1 + w
θ +
δp/δρ
1 + w
k2δ + k2(Ψ− σ) , (2.5)
where δ = δρ/ρ is the density contrast, θ ≡ ikjVj the velocity divergence, δp the pressure
perturbation and σ the anisotropic stress. Note that Eq. (2.4) and Eq. (2.5) are valid for
any non-interacting fluid components and need to be modified if these are coupled other than
gravitationally. For instance, in interacting DE [21] and decaying dark matter [22] models,
Eq. (2.4) and Eq. (2.5) can be violated due to the nongravitational DE–matter and matter–
mater couplings. In this work we assume only two different species: cold dark matter, which
is characterised by w = δp = σ = 0, and a non-interacting DE fluid which is only coupled to
the former through gravity. For the latter these quantities are unknowns and they consist in
three internal degrees of freedom. For the particular model discussed in this work (introduced
later in Section 2.2), our choice follows ref. [23], in which we assume a constant in time EoS
parameter and a pressure perturbation of the form
δp = c2sδρ+ 3aH
(
c2s − c2a
) (1 + w)θ
k2
, (2.6)
where c2s is the rest-frame sound speed that controls the growth of perturbations in the DE
fluid and c2a ≡ p˙/ρ˙ the adiabatic sound speed. This parametrization allows to cover a wide
range of models such as quintessence (c2s = 1) and K-essence (c2s 6= 1) in an effective way [17].
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Let us briefly motivate the introduction of the effective {Q, η} parameterization for DE
models while we introduce the perturbation equations for the gravitational sector. In standard
ΛCDM we assume that gravity is described by GR and the matter sector correspond to a
perfect cosmic fluid (i.e. σ = 0), so that, at the linear level, the 00 and ij components of
Einstein equations in Fourier space are, respectively,
−k2Φ = 4piGNa2
∑
i
ρiDi , (2.7)
Ψ = Φ , (2.8)
where
ρiDi ≡ δρi + 3H(ρ¯i + p¯i)Vi
k
(2.9)
is the comoving density contrast of the i-th fluid component (often denoted by ∆, but we re-
serve this for the observed matter overdensity variable introduced in Section 3) and H = Ha
is the conformal Hubble parameter. Naturally, in ΛCDM, the sum appearing in Eq. (2.7)
reduces to
∑
i ρiDi = ρmDm as the cosmological constant is by definition completely homo-
geneous in space, and Eq. (2.7) reduces to the standard Poisson equation sourced by matter
overdensity.
2.1 Effective parametrization of Dark Energy models
In order to bring in modified gravity and DE models into our discussion we can introduce two
functions {Q, η} appearing directly at the level of the perturbation equations. Then, the 00
and ij components of the Einstein equations can be phenomenologically recasted as [16–18]
−k2Φ = 4piGNa2Q(a, k)ρmDm , (2.10)
Ψ = [1 + η(a, k)]Φ , (2.11)
whereDm = δm+3HV/k is the comoving density contrast of matter. In this way, the role of Q
is to capture any extra contribution sourcing the gravitational potential Φ appearing beyond
the standard ΛCDM cosmology. For instance, Q 6= 1 can represent a possible clustering in the
DE component (with Q = 1 matching Λ), but in the context of modified gravity models this
can also parametrize contributions from a fifth-force due to modifications of GR, which at the
linear level effectively modifies Newton’s constant as Geff(a, k) ≡ Q(a, k)GN [24]. The second
model parameter η allows to take into account a possible anisotropic stress that could arise
due to differences in the scalar potentials Ψ and Φ at some scales and/or redshifts. Again,
this behavior can be due to viscosity components in the cosmic fluid but can also appear
in alternatives to GR such as the Dvali-Gabadadze-Porrati (DGP) model [25, 26] and f(R)
gravity [27, 28].
Since we are ultimately interested in calculating statistical quantities such as the power
spectra of the different linear perturbations, it is convenient to introduce a set of transfer
functions {TD, TV , TΨ, TΦ} that relate their values at a given time to a single primordial
metric perturbation Ψin via
D(τ,k) = TD(τ, k)Ψin(k) , (2.12)
V (τ,k) = TV (τ, k)Ψin(k) , (2.13)
Ψ(τ,k) = TΨ(τ, k)Ψin(k) , (2.14)
Φ(τ,k) = TΦ(τ, k)Ψin(k) . (2.15)
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Assuming the standard single-field inflationary scenario [29], the power spectrum of the pri-
mordial field Ψin is characterized in terms of a spectral index ns and an amplitude As as
k3〈Ψin(k)Ψ∗in(k′)〉 = (2pi)3As(kτo)ns−1δ(k− k′) . (2.16)
Here, we have explicitly included the constant τns−1o (the current comoving size of the horizon)
in order to keep As dimensionless for any value of ns. Then, using Eq. (2.12)-Eq. (2.15), the
field equations Eq. (2.10) and Eq. (2.11) can be written as
TD(z, k) = − 2a
3Ωm
(
k
H0
)2 TΨ
Q(1 + η)
, (2.17)
TV (z, k) =
2a
3Ωm
kH
H20
[(
1− a
(1 + η)2
∂η
∂a
)
TΨ +
a
1 + η
∂TΨ
∂a
]
, (2.18)
TΦ(z, k) =
TΨ
(1 + η)
, (2.19)
where we have explicitly included the 0i component in Eq. (2.18) which relates the velocity
and potentials. Then, for a given model (i.e. {Q, η}) this set of equations allows to calculate
TD, TV and TΦ as a function of TΨ only. Furthermore, within the linear theory we can
decompose TΨ in terms of a growth factor G and a transfer function T (k) at redshift zero as
TΨ(z, k) = G(a, k)T (k) . (2.20)
Here, G ≡ a−1D1(a)/D1(a0) describes the growth of structures in the universe relative to
matter domination era, since in GR the linear growing mode evolves as D1(a) ∼ a during
that regime. Naturally, G is sensitive to the presence of a DE component in the energy
content of the universe, and we can conveniently encompass a wide class of models adopting
the growth index formalism, in which we parametrize G in terms of the growth index γ as
[30]
G = G(a0) exp
(∫ a
a0
da′
Ωm(a
′)γ − 1
a′
)
, (2.21)
where
Ωm(a) =
Ωm,0a
−3
(H/H0)2
. (2.22)
In ΛCDM the growth index takes the constant value γ = 6/11 ∼ 0.545, and then G depends
only on the scale factor, i.e. G = G(a). In alternative models, however, γ may be both scale
and time dependent, and then it allows to parametrize possible deviations from the standard
evolution of the perturbations in ΛCDM. The growth factor can either be modified at the
background level by considering a different background cosmology, which leads to a different
expansion history, or at the perturbative level, where the gravitational potentials might be
altered by the presence of extra degrees of freedom in the modified gravity or DE model.
2.2 Effective Dark Energy fluids in the {Q, η} parametrization
As a particular realization, let us consider an effective DE fluid model which allows to cover
both canonical scalar fields and K-essence models [17]. Depending on its internal properties,
such a fluid can cluster over time and develop overdense/underdense regions, similarly to
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matter, and can also contribute to anisotropic stress if it has a non-zero viscosity. We can
parametrize the fluid by three internal degrees of freedom; an EoS parameter w, a sound
speed c2s and a viscosity term c2v damping density perturbations and responsible for anisotropic
stress. Within this context, the clustering parameter Q appearing in the modified Poisson
Eq. (2.10) can be regarded as describing the possible clustering of the DE fluid, i.e.
Q =
∑
i ρiDi
ρmDm
= 1 +
ρDEDDE
ρmDm
, (2.23)
where ρDE represents the DE density and DDE its corresponding density perturbation in the
comoving gauge, as analogously defined for matter in Eq. (2.9). Following refs. [17, 31], for
models in which the internal degrees of freedom are time-independent (but might still depend
on the scale) Q(a, k) can be written as
Q(a, k) = 1 +
1− Ωm
Ωm
(1 + w)
a−3w
1− 3w + 2k2cˆ2sa
3H20Ωm
, (2.24)
where the parameter cˆ2s is regarded as an effective sound speed of the fluid given by
cˆ2s = c
2
s +
8
3
(c2s − w)
(1 + w)
c2v . (2.25)
From Eq. (2.24) it is clear that this kind of fluid is allowed to cluster only when w 6= −1,
and this process is governed by cˆ2s. From Eq. (2.25) we note that the contribution due to c2v
can be enhanced with respect to that of c2s by an order of magnitude for w = −0.95 and very
small c2s, and then this is the regime where viscosity effects are expected to be more apparent.
Furthermore, in ref. [31] it has been also shown that the anisotropy parameter for this DE
fluid model is given by
η = −9
2
H20 (1− Ωm)(1 + w)
a−(1+3w)
k2Q
(
1− c
2
s
cˆ2s
)
, (2.26)
and vanishes identically if c2v = 0. As shown in Eq. (2.24) and Eq. (2.26), the magnitude of
both Q and η grow with the scale factor and then in principle their effects should be more
noticeable during late times. Finally, the growth index depends on the internal degrees of
freedoms of this effective DE fluid as [30, 31]
γ(a, k) =
3
5− 6w
(
1− w − (1 + η)Q− 1
1− Ωm(a)
)
. (2.27)
The growth index Eq. (2.27) implies that the growth function G Eq. (2.21) becomes scale
dependent due to the presence of the sound horizon for the DE perturbations.
3 The observed matter overdensity variable
Probing models beyond ΛCDM through their impact on the clustering of dark matter rep-
resents the main goal of various large upcoming surveys such as Euclid [2], LSST [3] and
DESI [4], but this can only be achieved by resorting to some form of luminous matter as
tracer such as galaxies. It is now well-known that, besides bias effects, the observed dis-
tribution of galaxies includes several distortions arising from peculiar velocities and general
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relativistic effects. As shown in ref. [12], assuming that the conservation equation for matter
Eq. (2.5) holds, the observed matter overdensity at redshift z and direction in the sky nˆ is
given at the linear level by
∆(z, nˆ) =
7∑
i=1
∆i , (3.1)
where the different contributions can be identified as follows:
∆D = bDs , (3.2)
∆z =
1
H∂r(V · n) , (3.3)
∆V =
(
H˙
H2 +
2
rsH
)
V · n , (3.4)
∆L = − 1
rs
∫ rs
0
dr
rs − r
r
∆Ω(Φ + Ψ) , (3.5)
∆lp =
(
H˙
H2 +
2
rsH + 1
)
Ψ− 2Φ + 1H Φ˙ , (3.6)
∆std =
2
rs
∫ rs
0
dr(Φ + Ψ) , (3.7)
∆isw =
(
H˙
H2 +
2
rsH
)∫ rs
0
dr(Φ˙ + Ψ˙) . (3.8)
Here, rs = rs(z) is the comoving distance to the source redshift given by Eq. (2.2) and
∆Ω is the angular part of the Laplacian operator. The leading contribution to Eq. (3.1)
comes from Eq. (3.2), where ∆D represents the intrinsic fluctuations in the distribution of
matter, related to the fact that baryons trace the underlying dark matter distribution (up to
a linear bias factor b(z)), and all other terms represent distortions in the observed redshift
and direction of incoming of photons, i.e. in the coordinate system in which we are making
our observations; Eq. (3.3) corresponds to the RSD, which comes from the spatial gradient of
peculiar velocities V projected along the line-of-sight, while Eq. (3.4) correspond to a Doppler
effect which depends on the projection of V along the line-of-sight. On the other hand,
Eq. (3.5) correspond to weak gravitational lensing, and along the previous terms comprise
the so-called standard effects.
The remaining contributions, Eq. (3.6)-Eq. (3.8), are directly proportional to the Bardeen
potentials Φ and Ψ (i.e. not to their gradients), and represent the so-called relativistic ef-
fects. These depend either locally on the source redshift, such as gravitational redshift and
Sachs-Wolfe effect, or are integrated from source to observer along the line-of-sight. Following
the convention adopted in ref. [32] the first class are identified collectively effects as the local
potential terms ∆lp, while the integrated terms correspond to the Shapiro time-delay effect
∆std and the ISW effect ∆isw. The Shapiro time-delay reflects the fact that photons takes
longer to travel through potential wells compared to flat space, which implies that we receive
them slightly delayed and consequently more redshifted than if they travel only on the FLRW
background. The ISW effect on the other hand considers fluctuations in the photons’ energy
as they travel from source to observer due to the time evolution of the potentials Φ and Ψ. It
is worth noting that the relativistic effects are suppressed by a factor (H/k)2 with respect to
the density contrast as can be seen by using the Poisson equation, Eq. (2.7), and by H/k with
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respect to peculiar velocities. Then, the magnitude of these effects might become substantial
on horizon scales. We remark that Eq. (3.2)-Eq. (3.8) do not rely on the validity of Einstein
equations but remain true for any model as long as the cosmic fluid is only coupled gravita-
tionally, or equivalently, if matter follows geodesics [12]. In the case of interactions Eq. (2.4)
and Eq. (2.5) can be violated and this result needs to be generalized [21], while non-geodesic
motion is strongly suppressed in most modified gravity models of interest due to the effect
of screening mechanisms [33–35]. Then, the result Eq. (3.2)-Eq. (3.8) is compatible with the
scope of this work (and for the DE fluid Section 2.2 in particular) and it is assumed as a valid
linear approximation. We also ignore the effects on bias in Eq. (3.2) for the rest of this work.
3.1 Angular power spectrum in the {Q, η} parametrization
We next focus our attention on writing down an expression for the angular power spec-
trum C` for the full observed density perturbation variable Eq. (3.1) considering the {Q, η}
parametrization. In particular, this allows us to study the effective DE fluid model discussed
in Section 2.2, but can be also applied to any model fitting within this framework. We start
by expanding the matter overdensity in terms of spherical harmonics as
∆(z, nˆ) =
∑
`m
a`m(z)Y`m(nˆ) , (3.9)
where
a`m(z) =
∫
dΩnˆY
∗
`m(nˆ)∆(z, nˆ) . (3.10)
The angular power spectrum is then given by C`(z) = 〈|a`m(z)|2〉, where the brackets indicate
ensemble average as encoded in the nature of the primordial power spectrum Eq. (2.16).
The C` has the advantage of being optimally adapted to our coordinate system in which
we perform the measurements as it exploits the statistical isotropy upon which the FLRW
metric is constructed. In order to calculate Eq. (3.10) we consider the fact that according
to Eq. (3.1)-Eq. (3.8) the observed overdensity consists in the linear combination of terms
whose k-dependences are given by either a perturbation variable evaluated at the source
position rs = τo− τs (i.e. at a fixed redshift) or by an integral of a perturbation variable over
the unperturbed photon trajectory (assuming the Born approximation). Using Eq. (2.12)-
Eq. (2.15), but without using the field equations yet, the full expression for the angular power
spectrum is then
C`(z) =
2As
pi
∫ ∞
0
dk
k
(kτ0)
ns−1|∆`(z, k)|2 , (3.11)
– 8 –
where the different contributions to ∆`(z, k) =
∑
i ∆
i
` are
∆D` = j`TD , (3.12)
∆z` =
k
Hj
′′
` TV , (3.13)
∆L` =
1
rs
∫ rs
0
drj`(kr)
rs − r
r
`(`+ 1)(TΨ + TΦ) , (3.14)
∆V` = j
′
`
(
H˙
H2 +
2
rsH
)
TV , (3.15)
∆lp` = j`
[(
H˙
H2 +
2
rsH + 1
)
TΨ + TΦ +
1
H T˙Φ
]
, (3.16)
∆std` =
2
rs
∫ rs
0
drj`(kr)(TΨ + TΦ) , (3.17)
∆isw` =
(
H˙
H2 +
2
rsH
)∫ rs
0
drj`(kr)(T˙Φ + T˙Ψ) . (3.18)
Here, j`(x) represents a spherical Bessel function which appear due to the Rayleigh formula
for plane waves and j′`(x) ≡ dj`(x)/dx. Then, the total power spectrum C` is given by
C` =
∑
ij
Cij` , (3.19)
where each contribution (either autocorrelation or cross-correlation) can be systematically
computed as
Cij` =
2As
pi
∫ ∞
0
dk
k
(kτ0)
ns−1∆i`∆
j
` . (3.20)
The previous equation, along with Eq. (3.12)-Eq. (3.18) give the generic structure of the
power spectrum regardless of the relation between the metric and matter degrees of freedom
as we have not imposed the field equations yet. We note that the C`’s depend explicitly
on the background cosmology through the conformal Hubble parameter H, its derivative H˙
and the comoving distance rs, which are sensitive to the EoS parameter of the DE fluid,
while at the perturbation level they depend on the growth factor G as well as on the relation
among the various transfer functions {TD, TV , TΨ, TΦ}. If we now adopt the {Q, η} scheme,
all these transfer functions can be completely parametrized in terms of T (k) and G through
Eq. (2.17)-Eq. (2.19). The final expressions for the leading terms contributing to Eq. (3.20)
calculated under this scheme are included in Appendix A. Given a particular form for {Q, η}
(i.e. a particular DE or modified gravity model) these allow to carry out a direct integration
for a given cosmology.
4 Results
In this section we investigate the observed angular power spectrum of the effective DE fluid
model in the {Q, η} parametrization discussed in Section 2.2, considering both standard and
relativistic effects. For the DE fluid model we consider a fixed EoS parameter w = −0.95 and
restrict the effective sound speed to the range 10−6 ≤ cˆ2s ≤ 1. The results are compared with
respect to a fiducial ΛCDM cosmology using the Planck 2018 best-fit parameters [36].
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Notice that, for this model, the z = 0 transfer function T (k) is the only numerical input
entering in the C`’s (see Eq. (A.1)-Eq. (A.7b) for more details). We compute this using a
modified version of camb for the DE fluid model, and with the standard camb code [37] for
ΛCDM (no Halofit used). In addition, since in this model the DE behavior departures from
Λ at late times, we normalize the growth function Eq. (2.21) to be unity well into the matter
domination era in all cases, i.e. G(a0 = 10−3, k) = 1, as the DE fluid mimics Λ during that
regime. In order to quantify deviations from ΛCDM, we define the relative power spectrum
of each effect contributing to Eq. (3.20) as
∆Ci` = 1−
Ci`(DE)
Ci`(Λ)
, (4.1)
where Ci`(DE) and C
i
`(Λ) are the power spectra for a given effect calculated under the DE
model and ΛCDM, respectively. We stress that, as a way to disentangle the origin of deviations
from ΛCDM, in Eq. (4.1) we only consider autocorrelations. Complementarily, to keep track
of the relative amplitude of each effect it is also useful to quantify the relative power spectrum
with respect to the total signal predicted by ΛCDM. This is given by
∆Ci−tot` =
Ci`(DE)− Ci`(Λ)
Ctot` (Λ)
, (4.2)
where each term in the numerator represents the total contribution coming from a given
effect, i.e. including both its autocorrelation and cross-correlation with density, and Ctot` (Λ)
correspond to the ΛCDM power spectrum with all contributions to Eq. (3.20).
4.1 The perfect Dark Energy fluid case
Let us start by investigating the angular power spectrum of an effective DE fluid in absence of
anisotropic stress, i.e. with η = c2v = 0. For this, we consider the cases c2s = 10−6, c2s = 10−2
and c2s = 1, the latter corresponding to a completely smooth DE component similar to the
cosmological constant. Fig. 1 (top row) shows the total relative deviations of the standard
effects obtained with Eq. (4.2). We find that, at low redshift, the intrinsic matter density
fluctuations D (red) and RSD (blue) dominates the amplitude of deviations from the full
ΛCDM signal in all cases. For the case c2s = 10−6 the latter effect is particularly important
as we move towards large scales. At z = 2, the RSD deviations exhibit the largest amplitude
among the standard effects except at large scales, where this is surpassed by the lensing signal
(magenta). On the other hand, the relative weight of the Doppler effect deviations (cyan)
remain small at both redshifts.
In addition, Fig. 1 (bottom row) shows the relative deviations in the standard effects
calculated with Eq. (4.1), i.e. comparing autocorrelations of each individual effect against
their ΛCDM counterparts. To understand the impact of the DE fluid model on the different
C`’s we note that the matter power spectrum P (k) (and hence the transfer function T (k))
receives both background and perturbative contributions through the model parameters w ≥
−1 and cˆ2s ≤ 1, respectively. Firstly, for w = −0.95 the DE domination era begins earlier
than in ΛCDM and then there is an extra suppression of structure formation, which translates
into lower amplitudes of P (k) and T (k) at the present day. This leads to a positive ∆C`
according to our sign convention in Eq. (4.1). Secondly, as cˆ2s departs from unity the DE
perturbations can start to grow outside the sound horizon, leading to an enhancement of T (k)
that competes against the suppression due to w > −1. Then, in Fig. 1 we find that matter
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Figure 1. Deviations in the Standard effects for z = 0.1 (left column) and z = 2 (right column).
Pure effects (autocorrelations only) are shown in the bottom row, while the top row shows deviations
relative to the total ΛCDM power spectrum when cross-correlation with density is included in each
effect. The different line styles represent the cases c2s = 1 (solid), c2s = 10−2 (dotted) and c2s = 10−6
(dot-dashed).
density fluctuations at z = 0.1 are suppressed the most for the smooth case c2s = 1, while
for lower sound speeds the extra clustering compensates the effect of w and the amplitudes
become closer to ΛCDM. However, at z = 2 the relative difference between the expansion
histories described by w = −0.95 and w = −1 is reduced and the contribution from the
clustering parameter Q dominates, leading to ∆C` > 0 and larger deviations in the lowest
sound speed scenarios. The fact that the low sound speed models become closer to ΛCDM
due to the DE perturbations is consistent with the results discussed in ref. [38], although
considering a different normalization of the matter power spectra which removes the effects
of the background expansion at z = 0 but keeps the effect of the quintessence clustering on
large scales.
From Fig. 1 we also find that at z = 0.1 deviations in RSD and Doppler effect are
greatly enhanced with respect to ΛCDM for c2s = 10−6, which reflects the impact of the
DE fluid clustering on peculiar velocities as well as on its divergence. Both effects probe
the growth factor G and the clustering parameter Q through the combinations GQ > 0
and ∂(GQ)/∂a < 0, which then compete against each other, see Eq. (A.2a)-Eq. (A.3b). At
low redshift the rate of change ∂(GQ)/∂a has its largest impact (since G = 1 = const. as
we reach matter domination era) while at high redshift the term GQ eventually dominates
and deviations decay. Notice that the amplitude of relative lensing deviations do not decay
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Figure 2. Deviations in the Relativistic effects for z = 0.1 (left column) and z = 2 (right column).
Pure effects (autocorrelations only) are shown in the bottom row, while the top row shows deviations
relative to the total ΛCDM power spectrum when cross-correlation with density is included in each
effect. The different line styles represent the cases c2s = 1 (solid), c2s = 10−2 (dotted) and c2s = 10−6
(dot-dashed).
towards higher z as strongly as the previous effects. Since this effect integrates the projections
of Φ and Ψ along the line of sight, increasing z allows this to probe the DE model over a
larger portion of the universe.
On a similar fashion, Fig. 2 (top row) shows the total deviations in the relativistic
effects relative to the full ΛCDM power spectrum. We find that at both redshifts the signal
is dominated by the local potential terms (black) at very large scales but decays rapidly.
The other two relativistic effects, i.e. Shapiro time-delay (brown) and ISW (orange) remain
subdominant relative to the full signal in all cases. From the autocorrelation-only terms shown
in Fig. 2 (bottom row) we find that, at low redshift, modifications to the Shapiro time-delay
and the local potential terms have a similar behavior since for nearby sources both effects
carry roughly the same information. Remarkably, for c2s = 10−6 deviations in the ISW effect
at z = 0.1 can be considerably larger than for the other two relativistic effects despite the
fact that we are integrating over a narrow redshift range. This is due to the fact that in
this DE model the evolution of the metric potentials Ψ and Φ is quickly deviating from the
ΛCDM behavior at late times due to the clustering of the DE fluid, and the power spectrum
is more sensitive to the rate of change Φ˙ than to Φ itself. In addition, we find that at z = 2
deviations in the ISW effect are stronger for the higher sound speed scenarios, where the DE
component is smoother, and stills dominate over the other two effects. While at z = 0.1 the
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background coefficient (H˙/H2 + 2/rsH)2 appearing in Eq. (A.7a) for the ISW effect deviates
less than 1% with respect to the ΛCDM expansion history, this can enhance this effect by
∼ 15% at z = 2 which shifts the ISW curves shown in Fig. 2 toward negatives values.
The high sensitivity of the ISW effect at both low and high redshift can be understood
by the fact that it cumulatively probes the combination ∂(GQ)/∂a, whose deviations with
respect to ΛCDM at late times can be larger than those coming from GQ itself. Notice that, as
we discussed previously, the combination ∂(GQ)/∂a appears in the RSD and Doppler effects,
which show the largest deviation among the standard effects, but in the ISW effect this is
boosted by the integration from source to observer. In addition, in such standard effects
∂(GQ)/∂a has to compete against the combination GQ (which has opposite sign) while the
ISW effect probes the former in isolation. In fact, it has been widely remarked that the rate
of change ∂G/∂a appearing naturally through the ISW effect is an excellent discriminator of
DE models [39], as well as the ‘clustering rate’ ∂Q/∂a [17, 31]. Since in ∆C` we compare the
DE fluid model relative to ΛCDM, according to Eq. (A.7a) the overall enhancement of the
ISW effect at the perturbative level is governed by the so-called magnification parameter [17]
A ≡ ∂(G(a, k)Q(a, k))/∂a
∂GΛ(a)/∂a
= Q
∂G/∂a
∂GΛ/∂a
+
G
∂GΛ/∂a
∂Q
∂a
. (4.3)
Then, when testing a smooth DE model only the first term in Eq. (4.3) contributes (since
Q = const.), while for low sound speeds such as in the c2s = 10−6 case the clustering rate
∂Q/∂a provides and extra contribution to Eq. (4.3) and greatly enhances the ISW signal
relative to ΛCDM. Notice that this behavior is opposite to that of T (k), which becomes
closer to ΛCDM for low sound speeds and can break the hierarchy in the ISW curves shown
in Fig. 2 since ∆C isw` ∝ (TDE/TΛ×A)2, where TDE and TΛ are the transfer functions obtained
using the DE model and ΛCDM, respectively. However, A is highly sensitive to c2s through
the clustering rate and dominates the overall enhancement of the ISW effect. A summary of
the deviations in standard and relativistic effects in the perfect DE fluid model at large and
small scales is included in Table 1.
c2s = 1 c
2
s = 10
−2 c2s = 10−6
effect z = 0.1 z = 2 z = 0.1 z = 2 z = 0.1 z = 2
Density 3 (3) 0 (0) 2 (2) −1 (−1) 2 (2) −1 (−1)
RSD 4 (3) 2 (2) 3 (3) 0 (1) −20 (−5) −1 (0)
Doppler 5 (5) −2 (3) 4 (4) −2 (−2) −20 (−7) −4 (−3)
Lensing 4 (4) 5(5) 4 (3) 4 (4) −1 (0) 2 (2)
Local P. 5 (5) −1 (3) 3 (3) −2 (2) −2 (0) −2 (2)
Shapiro 4 (4) 3 (4) 3 (3) 2 (3) −1 (0) 1 (2)
ISW 3 (3) −13 (17) 3 (3) −2 (−17) 27 (18) 5 (1)
Table 1. Summary of deviations in standard and relativistic effects in the perfect DE fluid model
with respect to ΛCDM. The values (rough percentages) outside the parenthesis correspond to ` = 5,
while values in parenthesis correspond to deviations at ` = 80.
4.2 The imprints of viscosity
Let us now go beyond the perfect DE fluid model discussed in Section 4.1 and study the
imprints of a potential fluid viscosity in standard and relativistic effects. In our model, this
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Figure 3. Deviations in the Standard effects (top row) and Relativistic effects (bottom row) at two
different source redshifts considering autocorrelations only. Left column: z = 0.1, right column z = 2.
The line styles represent the cases c2s = 10−2 (solid), (c2s, c2v) = (10−6, 2 · 10−4) (doted), c2s = 10−4
(dashed) and (c2s, c2v) = (0, 2 · 10−6) (dot-dashed). Notice that in these we have used logarithmic scale
in the horizontal axis for a better comparison of the models.
implies the presence of an additional sound speed parameter c2v which give rise to a non-
vanishing anisotropic stress, so that Φ 6= Ψ in this case. Moreover, there is an effective sound
speed cˆ2s given by a combination of c2s and c2v, see Eq. (2.25), and thus this new parameter might
introduce some degeneracies in our observables. Here we consider two possible scenarios given
by the combinations (c2s, c2v) = (0, 2× 10−6) and (c2s, c2v) = (10−6, 2× 10−4), corresponding to
the effective sound speeds cˆ2s ≈ 10−4 and cˆ2s ≈ 10−2, respectively.
Fig. 3 (top row) shows the power spectra of the standard effects (relative to ΛCDM)
for the models with viscosity as well as for their corresponding perfect fluids counterparts
which have the same effective sound speed but c2v = η = 0 (notice that in these we have used
logarithmic scale in the horizontal axis for a better comparison). According to Eq. (2.24)
the clustering parameter Q does not depend on the intrinsic sound speeds but on cˆ2s, so
that it is degenerated with respect to c2s and c2v. However, Eq. (2.27) shows that the growth
index γ (which appears in the growth rate G) does depend directly on c2v through η. From
Fig. 3 we find that, nonetheless, the standard effects cannot distinguish between viscosity and
non-viscosity scenarios as there is negligible difference between power spectra for the same
effective sound speeds at both redshifts.
On the other hand, from the relativistic effects shown in Fig. 3 (bottom row) we find
that the ISW effect is able to reveal the presence of viscosity at high redshift and very large
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scales. This arise from its advantage of probing the rate of change of the anisotropic stress
∂η/∂a in a cumulative way rather than η itself, which is analogous to the enhancement due
to ∂Q/∂a discussed in the previous subsection so that the ISW effect is greatly boosted
compared to ΛCDM. Then, the contribution of η, despite being small, is able to introduce
sizeable deviations in the ISW effect from the cˆ2s = c2s counterpart. As Eq. (2.26) shows, since
η ∝ k−2 this is mostly important at very large scales, which is consistent with these and
previous results [31].
5 Conclusions
In this paper, we have studied the observed angular power spectrum of effective K-essence
and quintessence DE fluids considering standard and relativistic effects. For this purpose,
we adopted the phenomenological approach that introduces two functions {Q, η} at the level
of linear perturbations and allow to conveniently parametrize the modified clustering (or
effective gravitational constant) and anisotropic stress appearing in models beyond ΛCDM.
Under this particular framework, we have derived expressions for the thirteen most dominant
contributions in the observed angular power spectrum of galaxies. We found that, overall,
deviations relative to ΛCDM are stronger at low redshift since the behavior of the DE fluid
can mimic the cosmological constant during matter domination era but departs during the
late time universe. In particular, at z = 0.1 the matter density fluctuations are suppressed
by up to ∼ 3% for the quintessence-like case, while RSD and Doppler effect can be enhanced
by ∼ 15% at large scales for the lowest sound speed scenario. On the other hand, at z = 2
integrated effects become more important since lensing deviation can reach ∼ 5%, whereas
the ISW effect can deviate up to ∼ 17% due to its capacity to probe cumulatively not only
G itself but also its rate of change, which agrees with previous studies [17, 39].
Furthermore, when considering an imperfect DE fluid scenario, we find that all effects
are insensitive to the presence of anistropic stress at low redshift and only the ISW effect can
detect this feature at z = 2 and very large scales, which reaffirms its power for testing and
constraining DE models using future galaxy surveys. However, the amplitude of this effect
is the weakest of the full observed matter power spectrum, and then it needs to be carefully
extracted from the full signal. The fact that the imprints of relativistic effects appear at large
scales poses a challenge for their detectability due to cosmic variance, but techniques such as
multitracers might allow to overcome this issue [40, 41].
Finally, we remark that the angular power spectrum expressions included in Appendix A
are not restricted to the effective DE fluid model investigated in this work but they can be
applied to a broad class of DE and modified gravity models that can be encompassed in
this effective {Q, η} framework (and in which geodesic motion is not violated), such as f(R)
gravity and the DGP model, among others. For this, the explicit forms for the functions
{Q, η} are needed and come from matching Eq. (2.10) and Eq. (2.11) with the linear field
equations of the theory, as well as the growth factor G (or growth index). For well-studied
models such as the previously mentioned these can be found in the literature [42–44], while
the transfer functions at z = 0 can be calculated from linear codes for modified gravity such
as mgcamb [45].
Acknowledgments
The authors are grateful to Guillermo Blanc, Gonzalo Palma and Nelson Zamorano for useful
comments and discussion. DS and CB-H acknowledge support from the Chilean National
– 15 –
Commission for Scientific and Technological Research (CONICYT) through FONDECYT
grant 11140496. CB-H acknowledges support through CONICYT/Becas-Chile 72180214.
A Angular power spectrum expressions
In this appendix we include the general expressions for the 13 most dominant contributions
to the total angular power spectrum Eq. (3.11) in terms of the {Q, η}, and correspond to the
autocorrelations of the different effects and their cross-correlations with density perturbations.
The transfer function at redshift zero T (k) is computed numerically with a modified version of
camb1. Notice that we have omitted the (a, k) dependence in most terms to avoid cluttered
notation. We also denote j′`(x) = dj`(x)/dx and ν = ` + 1/2 for the Limber-approximated
terms [46].
A.1 Standard Effects
Density: The dominant term in the observed matter power spectrum is the autocorrelation
of intrinsic density fluctuations, which is given by
CDD` =
8Asτ
ns−1
0 a
2
9piH40 Ω
2
m
∫ ∞
0
dkk2+ns
j2` (krs)G
2T 2(k)
(1 + η)2
. (A.1)
Redshift-space distortion: The next-to-leading contribution to the observed matter power
spectrum is the autocorrelation of RSD, which is given by
Czz` =
8Asτ
ns−1
0 a
2
9piH40 Ω
2
m
× (A.2a)∫ ∞
0
dkk2+ns
[(
1− a
(1 + η)2
∂η
∂a
)
GQ+
a
1 + η
∂(GQ)
∂a
]2
(j′′` (krs))
2T 2(k) .
The cross-correlation between density perturbations and RSD is also particularly important
since it scales in the same way with (k/H) as the autocorrelations of such effects. This is
given by
CDz` =−
8Asτ
ns−1
0 a
2
9piH40 Ω
2
m
∫ ∞
0
dkk2+ns
[(
1− a
(1 + η)2
∂η
∂a
)
GQ+
a
1 + η
∂(GQ)
∂a
]
× j`(krs)j
′′
` (krs)GT
2(k)
(1 + η)
. (A.2b)
Doppler effect: The autocorrelation of the Doppler effect is
CV V` =
8Asτ
ns−1
0 a
2
9piH40 Ω
2
m
(
H˙
H +
2
rs
)2
(A.3a)
×
∫ ∞
0
dkkns
[(
1− a
(1 + η)2
∂η
∂a
)
GQ+
a
1 + η
∂(GQ)
∂a
]2
(j′`(krs))
2T 2(k) ,
1we are explicitly including the factor Q(a, k) in these expressions so that T (k) correspond to the actual
transfer function at z = 0 from camb codes.
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while its cross-correlation with density perturbations is
CV D` = −
8Asτ
ns−1
0 a
2
9piH40 Ω
2
m
(
H˙
H +
2
rs
)
× (A.3b)∫ ∞
0
dkk1+ns
[(
1− a
(1 + η)2
∂η
∂a
)
GQ+
a
1 + η
∂(GQ)
∂a
]
j′`(krs)j`(krs)
GT 2(k)
(1 + η)
.
Gravitational lensing: Using the Limber approximation [46], the autocorrelation of weak
lensing is
CLL` =
Asτ
ns−1
0 `
2(`+ 1)2
r2sν
4−ns
∫ rs
0
drT 2
(ν
r
) (rs − r)2
rns
G2
(
r,
ν
r
)
Q2
(
r,
ν
r
)
×
(
2 + η(r, ν/r)
1 + η(r, ν/r)
)2
, (A.4a)
and its cross-correlation with density becomes
CLD` =−
8As(τ0ν)
ns−1`(`+ 1)a
3rsΩmH20
√
ν
2pi
∫ rs
0
dr
(rs − r)
r2+ns
j`
(
νrs
r
)
G(a, ν/r)
[1 + η(a, ν/r)]
×
[
G
(
r,
ν
r
)
Q
(
r,
ν
r
)(
1 +
1
1 + η(ν/r)
)]
T 2
(ν
r
)
. (A.4b)
A.2 Relativistic Effects
We recall here that the relativistic effects are suppressed by (H/k)2 with respect to the leading
standard effects, but they can become important at horizon scales.
Local potentials: The autocorrelation of the local potential terms is
C lp` =
2Asτ
ns−1
0
pi
∫ ∞
0
dkkns−2j2` (krs)T
2(k) (A.5a)
×
[
GQ
(
H˙
H2 +
2
rsH +
2 + η
1 + η
− a
(1 + η)2
∂η
∂a
)
+
a
1 + η
∂(GQ)
∂a
]2
,
and its cross-correlation with density is
C lpD` = −
4Asτ
ns−1
0
3piΩmH20
∫ ∞
0
dkknsj2` (krs)
GT 2(k)
(1 + η)
(A.5b)
×
[
GQ
(
H˙
H2 +
2
rsH +
2 + η
1 + η
− a
(1 + η)2
∂η
∂a
)
+
a
1 + η
∂(GQ)
∂a
]
.
Shapiro time-delay: After using the Limber approximation, the autocorrelation of Shapiro
time-delay is given bt
Cstd` =
4Asτ
ns−1
0
r2sν
4−ns
∫ rs
0
drr2−nsT 2
(ν
r
)
G2(r, ν/r)Q2(r, ν/r)
(
2 + η(r, ν/r)
1 + η(r, ν/r)
)2
. (A.6a)
while its cross-correlation with density becomes
CstdD` =−
8As(τ0ν)
ns−1a
3rsΩmH20
√
ν
2pi
∫ rs
0
dr
r1+ns
j`
(
νrs
r
)
G(a, ν/r)
1 + η(a, ν/r)
×
(
G(r, ν/r)[2 + η(r, ν/r]
1 + η(r, ν/r)
)
T 2
(ν
r
)
. (A.6b)
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Integrated Sachs-Wolfe effect: Finally, the autocorrelation of the ISW effect under the
Limber approximation is given by
C isw` =
Asτ
ns−1
0
ν4−ns
(
H˙
H2 +
2
rsH
)2
× (A.7a)
∫ rs
0
drr3−nsT 2
(ν
r
){
H(r)a(r) ∂
∂a
[
G
(
r,
ν
r
)
Q
(
r,
ν
r
)(2 + η(r, ν/r)
1 + η(r, ν/r)
)]}2
,
and its cross-correlation with density perturbations becomes
C iswD` =−
4As(τ0ν)
ns−1a
3ΩmH20
√
ν
2pi
(
H˙
H2 +
2
rsH
)∫ rs
0
dr
r1+ns
T 2
(ν
r
)
× (A.7b)
j`(νrs/r)G(as, ν/r)
1 + η(as, ν/r)
H(r)a(r) ∂
∂a
[
G
(
r,
ν
r
)
Q
(
r,
ν
r
)(2 + η(r, ν/r)
1 + η(r, ν/r)
)]
.
In the limit where Q = 1 and η = 0 the expressions for the standard effects Eq. (A.1)-
Eq. (A.4b) reduce to those reported in Appendix B of ref. [12] for a ΛCDM cosmology con-
sidering a scale-invariant primordial power spectrum (ns = 1).
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